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Abstract 

We consider Knapp-Vogan Hecke algebras in the quantum group setting. This allows 
us to produce a quantum analogue of the Bernstein functor as a first step towards the 
cohomological induction for quantum groups. 

The cohomological induction is one of the most important tools for producing unita- 
rizable Harish- Chandra modules [7]. The present paper demonstrates that this method 
can be applied to modules over quantum universal enveloping algebras [6] as well. Our 
way to this circle of problems was as follows. 

The papers [11, 9] introduce quantum analogues of the bounded symmetric domains 
and the associated Harish-Chandra modules. One special case considered in [10] leads 
to two geometric realizations for the ladder representation of the quantum universal en- 
veloping algebra U q s\X2^ and to the quantum Penrose transform [1] . One of the main tools 
used in [10] was studying q-analogues of the Cecil cohomology. Unfortunately this method 
can be hardly generalized because it relates to non-trivial problems in non- commutative 
algebraic geometry. We hope to overcome these obstacles via replacing the q-analogues 
of the Cech cohomology by q-analogues of the Dolbeault cohomology. It is well-known 
that in the classical situation the Dolbeault cohomology can be constructed algebraically 
using the so-called cohomological induction (see [7]). 

It is convenient to work with the Bernstein functor (the projective Zuckerman functor) 
for producing unitarizable Harish-Chandra modules. The definition of the Bernstein func- 
tor uses essentially the algebra of distributions on a real reductive group G with support 
in a maximal compact subgroup K. The principal obstacle to cope with in this work is 
to construct a q-analogue for this algebra. 

In the present paper we construct a q-analogue of the algebra of distributions as above 
in certain cases. This allows us to construct a q-analogue of the Bernstein functor. 

The authors are grateful to V. Kruglov for assistance in preparation of a preliminary 
version of this work and for helpful discussions. 

1 The category C(l, i) q and the algebra R(i) q 

We will use C as the ground field. 



1 



Let a = {aij)ij=i,2,...,h be the Cartan matrix for a simple complex Lie algebra of rank 
/. Its universal enveloping algebra is a unital algebra U determined by the generators 
{H i ,E i ,F i } i} j =li 2,...ji and the relations [6, p. 51]: 

HiHj — HjHi = 0, EiFj — FjEi = SijHi, 

H{Ej EjHi — QijEj, H^Fj FjH^ — ciijFj, i,j — 1,2,...,/, 



and 



1 - an 
rn 



£(-i) m ( 

m=0 ^ 

J2(-l) m ( 1 ~ ^V 1 -^— . Fj • = 0, 

m=0 \ m J 



for all % j. 

The Cartan subalgebra spanned by Hi, H 2 , . . . , Hi is denoted by f), and cki , a 2 , . . . , on, 

a j (H i ) = a ij , i,j = 1,2, 

are simple roots. 

There exists a unique collection of coprime positive integers di, d 2 , ■ ■ ■ , di such that 

(ijdjj djaji, i, j 1, 2, . . . , /. 
The bilinear form in fj* given by 

(ttj, ttj) = didij, i, j = 1, 2, . . . , /, 

is positive definite. 

Recall the definition of the quantum universal enveloping algebra U q introduced by V. 
Drinfeld and M. Jimbo. We assume that q £ (0, l). 1 

The unital algebra U g is determined by its generators Ki, K~ x , E iy Fj, i — 1, 2, . . . , I, 
and the relations 

KiKj = KjKi, KiK- 1 = K~ l Ki = 1, 
KiEj = <j' I'.jK,. KiFj = q^FjKi, E^ - F^ = 5 ZJ (K t - Kr 1 )/^ - gr 1 ), 



l-a,- 



E(-D' 

s=0 
L— 



1 — a,- 



s=0 



1 — a 



1 aij Sp ns_n 



with 



rn 
n 



[m\ q \ 



n 



m — n 



qi = q\ l<i<l, 

[n] 9 ! = [n] ff ...[2] 9 [l] ff , [n] 9 = 



q n — q n 



9-9 



-i 



x The purpose of so strong assumptions on g will become evident while investigating the unitarizability of the 
Harish-Chandra modules in question over U q . 



2 



The Hopf algebra structure on U q is given by the following formulas: 

A(E i ) = E i ®l + K i ®E i , A(Fi) = F t ® K~ l + 1 <g> F h A(K l ) = K t ®K h 

S(Ei) = -K- l E t1 S(Fi) = -F t K t , S(Ki) = K~\ 
e(Ei) = e{Fi) = 0, e(Ki) = 1. 
Any subset Lc {1,2,...,/} determines a Hopf subalgebra U q l C U q generated by 

Kf\ i = l,2,...,Z; Ej,Fj, j G L. 

We use the following notation: 

p = z l , P+ = Z l + , Pi = {A = (Ai, A 2 , . . . , \i) eP\Xi>0 for ie L}. 

Let V be a U q [-module and 

V ll = {veV\K i v = Cv, i = 1,2, . . . ,/} 

the weight space, where \i = (//i, /i 2 , ...,/ij)eP. 

Definition 1.1 We say F is a weight U q l-module ifV— ® V^. 

Example 1.2 Consider the Verma module U q \-module M(l, A) wra//i //ie highest weight 
A G P+. T/ws zs a module determined by its generator v(l, A) and /ae relations 

E jV (l,\) = 0, j'GL; K? 1 v(l,\) = <£ Xi v(l,\), i = l,2,...,Z. 

// zs easy /o prove /aa/ z/s submodule K(l, A) generated by F* J+1 v(l,\), j G L 7 is 
/ae unique submodule of finite codimension. In particular, the factor-module L(l, A) = 
M([,A)/ir([,A) zs simpZe fsee /<5/j. 

The following claims are well-known (see for instance [6]). The dimensions of the 
weight subspaces of the Z7 9 [-modules L([, A) are the same as in the classical case q — 1. 
The weight finite dimensional C/ 9 [-modules are completely reducible. Irreducible weight 
finite dimensional [/^[-modules are isomorphic to L(l, A) with A G P+. The center of C/ g [ 
(denoted by Z(U q l)) admits an easy description via the Harish-Chandra isomorphism [6, 
p. 109] and separates the simple weight finite dimensional [/^[-modules [6, p. 125]. In 
other words, for any Ai, A 2 G P+ there exists z G Z{U q {) such that 2|l(i,Ai) 7^ z \l(i,x 2 )- 

A module V over XJ q \ is called locally finite dimensional if dim([/ g [i>) < oo for all 
v G V. Introduce the notation C(\,\) q for the full subcategory of weight locally finite 
dimensional U q [-modules. 

It is easy to prove that any U q [-module V G C((, l) q is uniquely decomposable as a 
direct sum V = ® V\ of its submodules. Each V\ here is a multiple of L(l, A), A G P+. 

The sum is direct since Z(U q l) separates simple finite dimensional weight U q [-modules. 

Let End V be the algebra of all endomorphisms of V considered as a vector space. 
Now consider the [/^[-module L umv = @ L(l, A) and the projections P\ in L umv onto 

the isotypic component L(l, A) parallel to the sum of all other isotypic components. The 
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algebra EndL umv is a f/ g [-module algebra. 2 The natural homomorphism U q l — > EndL umv 
is injective [6, p. 76 - 77]; this allows one to identify U q l with its image in EndL umv . We 
are interested in the following £7^ [-module subalgebras of EndL umv : 

R(l) q = 0EndL([,A), P([)/= R(l) q © U q l* 

xeP^ 

Obviously, R(i) q is a two-sided ideal of F(l) q generated by the projections P\. 

R(V) q is not a unital algebra, but it admits a distinguished approximate identity. Specif- 
ically, any finite subset A C P+ determines an idempotent xa — ^2 P\ m P(0?- Obvi- 

aga 

ously, XAiXa 2 — Xa 2 XAi = XAinA 2 > an d for any r G -R(Q 9 there exists a finite subset 
A C P+ such that xa^ = Ta = With some abuse of terminology, one can say that in 
F(l) q we have 

lim xa = 1- 

A|P^ 

A module V 7 over R(l) q is called approximately unital if for any v G V there exists a 
finite subset A C P+ such that xk v — v - 

We are going to demonstrate that the full subcategory of approximately unital R(V) q - 
modules is canonically isomorphic to C(l, l) q . 

Proposition 1.3 (*). For any approximately unital R([) q -module V and any £ G F(l) q , 
v G V there exists a limit 

£v= lim(£xA> (1.1) 

ATP^ 

in the sense that {£,Xa) v does not depend on A for large A. 

(**). The relation (1.1) equips V with a structure of F(l) q -module and defines a 
functor from the category of approximately unital R(l) q -modules into the category C(l, l) q . 

(***). This functor is an isomorphism of categories. 

Proof. Any approximately unital R(l) q - module V admits an embedding into an ap- 
proximately unital P( [^-module that is a multiple of L umv . This observation implies the 
first two statements, since they can be easily verified for L umv . 

Any £/q[-module that is a multiple of L umv , is a -F([) g - module. This allows one to 
construct an inverse functor by embedding any U q [-module V G C(l,l) q into a U q I- module 
that is a multiple of L univ . This implies (***). □ 

Note that the action of P\ G R{\) q on vectors v G V G C(l, l) q can be described 
without referring to an embedding into a ^[-module multiple to L nmv . More exactly, for 
any A G P+ there exists a sequence zi(X), z 2 (A), . . . of elements of the center of U q l such 
that P\v = lim z n (X)v for all v G V G C(l, l) q . To see this, note that for any finite subset 

n^oo 

A G A C P+ there exists such z G Z(U q l) that z\ L ^ = for A G A \ {A} and z|l(i,a) — 1- 

>L 



It remains to choose a sequence A n j P^. 

2 If £ € t/ 9 [ and AC = £ £■ ® then (^)t; = £ £AS(£>, « £ ^ £ Endi univ , with A and S being 

the comultiplication and the antipode of U q l. 

3 It is easy to prove that R(l) q n U g [ = 0. In fact, U q l has no zero divisors [3], while the Harish-Chandra 
isomorphism allows one to produce for any a € R{l) q a non-zero element z G Z(U q V) such that za = 0. 
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2 The category C(g, V) q and the algebra R(g, V) 



Let G D L be a pair of subsets of {1,2,..., 1} and let C/ ? D C/ ? l be the associated pair of 
Hopf subalgebras of U q . 

Consider the category of all [/^-modules and its full subcategory C(g, l) q that consists 
of weight f/q[-locally finite dimensional L^g-modules. 

Let us turn to a description of the algebra F(g, l) q . This algebra is an important tool 
in studying [/^-modules from C(g, t) q . First, we consider a simple special case, namely 
G — L. In this situation we define F(g, l) q as F(l) q . We intend to construct F(g, l) q 
along with embeddings U q g F(g, l) q , F(l) q which possess the following 

properties. 

(Fl) The diagram 

U q l( *U q g 

F(l) q ^F(g,l) q 

commutes 4 , and the subalgebras U q g and F(l) q generate the algebra F(g, l) q . 

(F2) The approximate identity {xa} of R(l) q is also an approximate identity of the two- 
sided ideal R(g, \) q of F(g, l) q , generated by R(l) q . 

(F3) For any approximately unital R(g, l) g -module V and any ^ e F(g, l) q , v £ V there 
exists a limit 

^= lim(eXA)^, (2.1) 

and the equation (2.1) equips V with a structure of -F(g, Qq-module. 

The intersection of the kernels for all representations of F(g, l) q obtained in this way 
is 0. 

(F4) The functor from the category of approximately unital R(g, Qg-modules into C(g, l) q 
given by (2.1) is an isomorphism of categories. 

We are going to show that the algebra F(g, l) q and the embeddings U q g c — > F(g, [) q , 
F(l) q F(g, l) q are essentially uniquely determined by (Fl) - (F4), i.e. there exists a 
unique isomorphism of algebras that respects the embeddings. 

Assign to any ?7 g [-module V a U q g-module P{V) = U q g®u q {V . The following result is 
well-known in the classical case q — 1 (see [7]). It is proved in the Appendix (see Corollary 
A.3). 

Lemma 2.1 1. IfVe C(l, l) q then P(V) is a projective object in C(g, l) q . 
2. For any V G C(g, l) q , the map 

P(V)^V, Z®v»£v, £eU q g, veV, 

is a surjective morphism of U q g-modules. 

4 In what follows U q g, and F(l) q are identified to their images under the embedding into F(g, [) q . 
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The projective objects P(V) of the category C(g, l) q are called standard projective 
objects. 

Introduce the U q g-modu\e V univ = P(L univ ). 
Corollary 2.2 In the category of U q [-modules one has 

yuniv = £g y^unw 

where the U q [-modules V^ univ are multiples of L([, A). 

Corollary 2.3 For an?/ module M 6 C(j, Q g i/iere exists a surjective morphism V umv — > 
M m i/ie category C(g, l) q , with V nmv being a multiple of the module V umv . 

Let us introduce the notation CPa for the projection in V nmv onto the U q I- isotypic 
component V^ mv parallel to the sum of all other {7 9 1- isotypic components. 

The category C(g, l) q and the category of approximately unital R(g, [) g -modules are 
closed under the operations of direct sums, passage to submodules and factor-modules. 
This allows one, using Lemma 2.1 and Corollary 2.3, to prove the following statement, 
which implies uniqueness of F(g, l) q and the embeddings U q g <^-> F(g, l) q , F(l) q c — > F(g, l) q . 

Proposition 2.4 Consider the algebra F(g, l) q and the embeddings U q g F(g, l) q , 
F(l) q <— ■> F(g, () q with the properties (Fl) - (F4). Then the following statements hold. 

1. The representation of U q g in V nmv determines an approximately unital representa- 
tion of R(g, l) q and a faithful representation of F(g, l) q in V nmv . 

2. The image of F(g,t) q under the embedding into EndV nmv is the subalgebra of 
EndV umv generated by elements of U q g C Endl/ umv and projections 7\, A G P+. 

Now we return to the construction of the algebra F(g, l) q . In what follows we will 
identify the algebras U q g, F(V) q with their images under the embeddings into EndV nmv . 5 
In particular, 

Pa - 7x, AG Pi. 
The following auxiliary statement is proved in the Appendix. 

Lemma 2.5 Given any £ G U q g, A G P\, there exists a finite subset A C P+ such that 

Consider the smallest subalgebra F(g, l) q C Endl/ umv that contains all the elements 
of U q g and all the projections Ja, A G P+. 

Theorem 2.6 The algebra F(g, l) q along with the embeddings U q g <^-> P(g, l) q , F(l) q <^-> 
F(g, l) q , satisfy (Fl) (Fj). 

5 The representation of U q g in y unlv ; s faithful since for any weight finite dimensional L^g-module W there 
exists a surjective morphism of C/ 9 0-modules y unlv — » W (Corollary 2.3). The representation of F(l) q in V unlv is 
faithful since L univ V univ . 
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Proof. (Fl) is obviously satisfied. 

Let us prove that {xa} is a left approximate identity in R(q, l) q . Every a G R(g, l) q 

N(a) 

has the form a = Yl CfixiVii with G £/ ? g, r]i G Aj G P{^. It follows from Lemma 

i=l 

2.5 that XA^i^Ai — Ci^Ai for some finite subset A C and all i = 1,2, ... , N(a). Hence 
Xa« = a - One can prove in a similar way that {xa} is a right approximate identity in 
R(g, l) q . Hence (F2) is satisfied. 

Consider an approximately unital R(g, l) 9 -module V. Given any vector v G V, there 
exists such finite subset AcPf that xa v — v - Thus for all A' D A we have 

(£XA')v = (£xa>)xav = (£xa>Xa)v = (£xa)v, 

and hence the element 

£v = lim (£xa)v 

is well defined. It is easy to prove that (^rj)v = ^(rjv) for any £,r] G F(g, l) q , v G V. In 
fact, there exist such finite subsets A', A" C that 

XA'V = v, Xa"VXa' = VXa>, 
because tjxa' G R(q, l) q and {xa} is an approximate identity. Hence, 

(£r})v = lim (^VXa)v = £{vXa>)v = (£xa"){vXa>)v = lim {£xa){vXa')v = 

= t,(vXA>v) = Z(rfv). 

It follows that V is an F(q, l) 5 -module, and the the first of the conditions (F3) is satisfied. 
The second condition, which requires the existence of a faithful representation as above, 
obviously holds. 

The arguments below show that the F(g, Q 9 -modules in question are locally L^l-fmite 
dimensional and weight: 

d\m(U q lv) = dim U q l(xA'v) = dim(U q lxA')v < dimR(l) q v < oo. 

Thus we have constructed a functor from the category of approximately unital R(q, l) q - 
modules into C(q, l) q . What remains is to construct an inverse functor. 

Suppose V G C(g, l) q and let V — be a decomposition of V into a sum of 

tieP\ 

U q [-isotypic components. Let n be the representation of U q Q in V , and denote by Ha the 
projection in V onto the isotypic component of V\ parallel to V^. 

»ep\ 

It suffices to prove existence and uniqueness of an extension n of n to F(q, l) q that 
possesses the following properties: 

i) n(? x ) = n A , A G Pi, 

ii) vr|^( g [) q is an approximately unital representation of R(g, l) q , 

hi) *(0 V = lim tc(£xa)v, v eV,£e U q Q. 
Afpjj: 

Uniqueness of such extension is obvious. To prove its existence, we consider subse- 
quently the following cases: 
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1. V = V miiv ; 

2. V = V miiv , with V miiv being a multiple of the [/^-module V miiv ; 

3. F is a submodule of \/ univ ; 

4. V is a standard projective object in C(g, l) q ; 

5. (the general case) V G C(g, l) q . 

In the case 1) the desired statement follows from the definition of R(g, l) q . A passage 
from 1) to 2) and to 3) is obvious. To pass from 3) to 4), it is sufficient to use the fact 
that every [/^-module P(V), V G C([, [) q , admits an embedding into a multiple V umv of 
the U q g-module V umv . This is because every locally finite dimensional U q [-module admits 
an embedding into a U q [-module L umv , which is a multiple of L umv and has the property 
P(L umv ) = V nmv . Finally, to pass from 4) to 5), one can apply the existence of a surjective 
morphism P(V) — > V in the category C(g, l) q . □ 

Recall that the Weyl group W is generated by simple reflections si, s 2 , ■ ■ ■ , si and acts 
on the weight lattice P. 

Proposition 2.7 1. There exists a unique one- dimensional representation e of F(g, l) q 
with 

2. There exists a unique anti- automorphism S of the algebra F(g, l) q such that 

S(0 = S(0, ZeU q g; S(P X ) = P_ <X , Ac . 

where Wq is the longest element of the Weyl group C W generated by the simple 
reflections s i; i G L. 

Proof. Uniqueness of e and S is obvious. Existence of e has been demonstrated in the 
proof of Theorem 2.6. Turn to proving existence of S. In the special case G = L it follows 
from the definition of the algebra F(l) q <^-> EndL umv and the well-known isomorphism [2, 
p. 168] 

L(l,X)* ^L(l,-v$\), v(l,\)»v(l,v$\). 

To pass from the special case G = L to the general case G D L, consider the alge- 
bra F(g, [)° p which is derived from F(g, l) q by replacement of the multiplication by the 
opposite one. U q g can be embedded into F(g, [)° p : 

U q g ^ F(g, [)°p, ^S(0- 

The algebra F(l) q also admits an embedding into F(g, [)° p : 

U q l^F(g,l)°v, Pa^P-^a- 

It is easy to verify (Fl) - (F4) for this pair of embeddings. What remains is to use the 
uniqueness of such pair, Proposition 2.4. □ 
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The category C(g, l) q is canonically isomorphic to the category of approximately unital 
R(g, l)g-modules. In what follows we identify these categories. 
Consider the Hopf subalgebra U q q£ C U q g generated by 

E u i£G; Fj, j G L; K±\ m = l,2,...,/. 

and the Hopf subalgebra U q q^ C U q g generated by 

E t , iGL; Fj, JEG; K±\ m = l,2,...,/. 

The following statement is well known in the classical case q — 1 (see [7, p. 90]). 

Proposition 2.8 The linear maps 

U q g® Uql R(l) q ^ R(g,l) q , Z®r»Zr, (2.2) 

R(l) q ® Uq iU q g^R(g,l) q , r<g>£^r£, 

are bijective. 

Proof. By Proposition 2.7, it suffices to consider the linear map (2.2). Let us prove 
that it is onto. Note that for any A G P+ and any finite subset A C containing A there 
exists an element z in the center Z(U q l) of the algebra U q \ such that P\ = zxa- On the 
other hand, for any A G P+, £ G U q g there exist finite subsets A', A" 3 A such that 

P\€ = P\tXA', £XA' = Xa'^Xa'- 

Hence P A £ = (P\Xa»)£xa> = z Xa"£xa> = z£xa>- Thus for any £ G U q g and any finite 
subset A C there exist such £ G U q g and a finite subset A C P+ that xa£ = £Xa- This 
can be readily used to prove that the linear map (2.2) is onto. 

Prove that it is injective. One can use well-known results on bases in quantum universal 
enveloping algebras [6, Chapter 8] to derive a decomposition U q g = U q <\^ <S>u q i U q q^. It 
follows from this decomposition and Lemma A.l that U q g is a free right U q [-module. 
Choose a free basis {e^}. Let a be a non-zero element of U q g <8>u q iR(fyq- It has the form 

a = ^ei<g>rj, r { G R(l) q . 

i 

Let a be the image of a under the map (2.2). We treat it as an element of EndV 1 " 1 ^. It 
suffices to prove that the restriction of the linear map a to the subspace {1(8) i>| v G L umv } 
is non-zero. It is easy to verify that a(l (S> v) = Yl e i ® r i v f° r an y v L nmv . It remains 

i 

to use our choice of {e^} and the fact that the representation of U q i in L nmv is faithful. □ 

3 The functors ind and II 

Consider two pairs of subsets 

L c G C {1, 2, . . . , /}, Li C d C {1, 2, . . . , I}, 
with Li C L, Gi C G. Obviously, one has embeddings of the associated Hopf subalgebras 

U q h C U q l, U g g 1 C U q g. 
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R(g, l) q is a left ideal in F(g, l) q and hence is a left f/gjji-module. We claim that R(g, l) q 
is an approximately unital left R(Qi, li) g -module. In fact, R(g, l) q is an approximately 
unital left R(g, Q g -module, hence a L^g-module of the category C(g,l) q given by (1.1). 
Since U q \\ C U q i, the module -R($j, l) q is also in the category C(g, h) q . Finally, in view of 
UqQi C U q g, we are inside the category C(g±, li) q , which is equivalent to our claim. In a 
similar way, one can prove that R(g, l) q is a right R(g±, ti) g -module. 6 

Throughout the rest of this section we follow [7] and replace the groups involved therein 
with the corresponding quantum universal enveloping algebras. Introduce the functor 
P * (i from the category C(jji, li) q to the category C(g, l) q by defining it on objects from 
C(gi,h)q as follows: 

P°;] h (Z)=R(g,i) q ® Ri9lM)q Z. 

The action on morphisms is defined in an obvious way. 

C(g±, [\) q has enough projectives and the functor P^ h is covariant and right exact. 7 

Hence one has well defined derived functors: {P^i^j j £ from C(gi, li) q to C(g, l) q . 

Consider the two special cases: i\ = I and gi = g. Start from the first one. Let ind^ 1 ( 
be the functor from the category C(gi, l) q to the category C(g, l) q defined on objects as 
follows: 

indJ^Z) = U q g ® Uqgi Z. 

The action on morphisms is defined in an obvious way. Just as in the classical case q — 1, 
one gets an isomorphism of functors Pgl\ and indjj^. Describe briefly this construction. 

The functor ind^'j is left adjoint to the forgetful functor jF^' 1 : C(g,l) q — > C(gi,l) q 

determined by the embedding U q g\ — > U q g. On the other hand, is left adjoint 

to the functor (9 rV )g 1 [ ' ( , to be defined below (cf. [7, Proposition 2.34]). The functor 

(3 rV )g 1 ( ' [ : C(g, l) q — > C(gi, i) q is defined on objects of the category C(g, l) q as follows: 

(? v )^ [ (X) = Hom R(0 , [)9 ( J R( S ,[) g ,X), 

A structure of t/gjji-module in B.om R ^ g ^ q (R(g, l) q , X) is imposed via the structure of right 
C/ ? 0i-module in R(g, l) q , and the subscript ( stands for distinguishing the maximal sub- 
module in the category C(qi, l) q . The action of (9 rV )g 1 ( ' t on morphisms is defined in an 

obvious way. What remains is to construct an isomorphism of functors jF® 1 ^ ~* (3 rV )g 1 [' t 
(cf. [7, Proposition 2.33]). Let X G C(g, l) q and x G X. Associate to every x a morphism 
of R(g, I) q - modules given by 

R(g, l) q -> X, r ^ rx. 

One can verify that the map X — > Rom R ^ { )q (R(g, l) q , X), which arises this way, is a 
morphism of f/ g 0i-modules and provides the desired isomorphism of functors. 

An important consequence is the observation that for any V G C(l, V) q the standard 
projective object P(V) in the category C(g, l) q is canonically isomorphic to P^ l (V). 

In the second special case 0i = the functor in question is called the Bernstein functor 
and it is denoted by n^: 

n = n;;l l (z) = J R( fl , i) q ® R(aM)q z, ze C( 01 , h) q . 

6 One can see from the proof that R(g, [) q is a R(gi, [i) 5 -bimodule. 
7 See [7, p. 840] 
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In the classical case q — 1 the derived functors H, are crucial in constructing unita- 
rizable Harish-Chandra modules via the Vogan-Zuckerman cohomological induction [7]. 
Turn to describing a quantum analogue for this method. 

4 A quantum analogue for cohomological induction 

We assume in the sequel that G = {1,2,...,/}, and hence U q g = U q . 

Recall (see [4, 8]) a definition of the pairs (g, t) used in a construction of bounded 
symmetric domains via the Harish-Chandra embedding. Here g is a simple complex Lie 
algebra of type A, B, C , D, Eq, E-j. A Hopf subalgebra U q t C U q Q is generated by Ei, Fi, 
i E K; Kf 1 , j — 1,2, ... ,1, with K = {1,2, ... ,1} \ {l }. We assume also that the simple 
root ai has coefficient 1 in the decomposition of the maximal root 

i 

5 = ^2mai, n k) = l. (4.1) 

i=i 

In what follows the notation (g, t) will stand only for such pairs. 

To clarify the precise nature of condition (4.1), equip the Lie algebra g with a grading 
as follows: deg E\ = 1, degF; = —1, degH [o = 0, degEj = deg Fj = deg Hj = for 
j ^ l . The automorphism 6 of g given by the formula 

6(0 = (-l) deg ^ 
is an involution. Now (4.1) implies that 

s = p -©|©p+, p ± = {£ G0 | deg£ = ±l}. 

It is worthwhile to note that the pairs (g, t) in question are complexifications of the 
pairs (g , to), with g being the Lie subalgebra of the automorphism group of an irreducible 
bounded symmetric domain, and t being the Lie algebra of the stabilizer of a point in 
this domain [4]. 

Equip U q Q with a structure of Hopf *-algebra via the involution * defined as follows: 

[-KjFj, J = V F * = \-E 3 KJ\ j = l 
3 \K 3 F 3 , j / /„ ' 3 \E 3 K-\ j / /„ • 

(K± 1 y = K± 1 , 3 = 1,2,..., I. 

A module V over a Hopf *-algebra A is said to be unitarizable if it admits a positive 
definite invariant form (•,•): 

(0^1,^2) = (vi,a*v 2 ), a G A, Vi,v 2 G V. 

The cohomological induction is among the tools for constructing unitarizable modules 
of the category C(g, I) in the case q — 1. Describe a q-analogue for this method. 

Let L C {1,2, ... ,1}, L <f_ K, and U q l is the Hopf subalgebra corresponding to the 
subset L. Obviously, U q l inherits the structure of Hopf *-algebra. We intend to derive a 
unitarizable ^g-module of the category C(g,t) q starting from a unitarizable U q [-module 
of the category C(l, I (1 t) q . 8 

s l7 g (l n 6) is a Hopf subalgebra corresponding to the subset LdK. 
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If A = (Ai, A2, . . . , A/) G P and Aj = for all j G L, one has the following well defined 
one-dimensional U q [-module C\: 

£,1 = 7,1 = 0, j G L; Kfl = qf% j = l,2,...,/. 

As an important example of such linear functional one should mention the difference 
p u = p — pi between the half-sum p of positive roots of the Lie algebra q and the half-sum 
pi of positive roots of the Lie algebra I. 



1, j'G'L, 
0, j G L. 



Every ty-module Z G C(l, Int), determines a f/gl-module Z # = Z®C 2pu G C(l, int),. 
Equip it with a structure of C^q^-module via the surjective morphism of algebras £/ ? q£ — ► 

r, ; i: 

'o F " !efl,2,..., I }\L' ' <,.; „. 

The generalized Verma module ind fl _Z# = f U q Q® u - Z# belongs to the category C(g, V) q 
(see Lemma A.l). Hence the equality 



LjW = (n* e M ). ( ind ; L -( z# )) 



determines functors £j, j G Z + , from C([, I fl t) 9 to C(g, 

In the classical case q — 1 under suitable dominance assumptions on Z the only non- 
zero modules L S {Z) are those with s = |(dimfi — dim(6 fl Q) [7, p. 369]. So, a particular 
interest is in considering the C/ ? g-modules 

A q (A) = £ S (C A ), s = ^(dimt - dim(fi n [)), 
with A = (Ai, A2, • • • , A/) G P and Aj = for j G L. 

Appendix. Proofs of the Lemmas 

Let G D L be subsets of {1, 2, ... , I}. Equip U q g with a grading by setting 

degE^I 1 ' JGG \ L degF^J- 1 ' JGG \ L 
g 3 \0, JGL ' d6g ^ \o, JGL ' 

degXf = 0, j = l,2,...,/. 
Let (C/ 9 q±) . = G C/,q±| deg£ = j}. Obviously (C/,q±) = 17,1. 

Lemma A.l The homogeneous components (U q q^ are free left and free right U q l- 
modules of finite rank. 
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Proof. Recall that the subsets L C G C {1, 2, . . . , /} determine the subgroups W^, C 
W G of the Weyl group W. Those subgroups are exactly the Weyl groups of the Lie 
algebras I and $j, respectively. Let u> ,l (respectively, u>o,g) be the longest element of the 
Weyl group (respectively, W&). 

We start from the larger subset G. Choose a reduced expression 

Wo,G = s h s i2 s i3 . . .s iM , (A. 2) 

with s ik being the reflection corresponding to the simple root a ik . Consider the Lusztig 
automorphisms T i: % G <G, of the algebra U q g' generated by E i: F i: Kf 1 , ieG, [6, Chapter 
8]. They have the form 

Ti{Ei) = -FiKi, Ti(Fi) = -K- 1 ^, 
T l (E J )= Yl const E tEjEl t^j, (A . 3) 

r+s=-dij 

T t (F J )= const *? F j F ?> 

r+s=-aij 

In a similar way, consider the algebra U q l' associated to L. Let W h = {w G W&\ l(ws) > 
l(w) for all simple reflections s G W^}, where l(w) stands for the length of w. One has 
u>o,g = w L w 0th with w h G W L and 1(w ,g) = l(w h ) + 1(w ,l) [5, Proposition 1.10(c)]. This 
allows one to rewrite the reduced expression (A. 2) in the form 

W 0,G = Si 1 Si 2 Si 3 . . . s i M , s i M , +1 s i M / +2 ■ ■ ■ s im) (A-4) 

with w ,l = s iM , +v s iMl+2 , s iM and w h = s h s i2 s i3 . . . s iu ,. 

We are about to apply the Lusztig theorem [6, Theorem 8.24]. Observe that the special 
reduced expression (A. 4), in view of the explicit form of the Lusztig automorphisms (A. 3) 
implies that all the monomials 

T h T n ■ ■■T iM ,_ 1 (E^') ■ T h T i2 ■ ■■T iMl _ 2 {E^'-_l) ■ . . . ■ T h T i2 {E%) ■ T h (E%) ■ Eg 
are in U q l'. It follows from the Lusztig theorem [6, Theorem 8.24] that the monomials 

rp rp rp (~P a M \ T T rp I p«M-U 

1 il 1 '12 i !M-l K^lM > ' *1 J »2 i »M-2 V^M-l / ' " " " 

• • • • ■ ■ ■ T lM/+i (E^) .T h T i2 ... % MI {E^ID (A.5) 

with all a ik G Z + , form a free basis in the right L^l-module U q c^. As one can readily sep- 
arate out for each j G Z + finitely many such monomials that span the j-th homogeneous 
component, we thus get our claim for {U q q^)j as a right f/qt-module. All other claims can 
be proved in a similar way. □ 

Corollary A. 2 Every U q g-module V contains the largest submodule Vj of the category 
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Proof. Obviously, V possesses the largest weight submodule Vj,. What remains is to 
prove that the subspace Vj = {v G V(,| dim(C/ g b) < 00} is a submodule of the U q g-modu\e 
V. Let f G (U q q^) , v G Vj. It follows from Lemma A.l that for some {771,772, • • • ,VN(j)} 

fc=l 

Hence, 

Mi) \ 

dim(U q l£v) < dim (^(U q q^) j v^j = dim I ^^VkUqlv J < 00. 

\k=i J 

Thus f u G V { . □ 

Corollary A. 3 For any V G C([, £/ie module P(V) belongs to the category C(g, [) g . 
Proof. Since C/ ? g is a free right U q [-module, one has an embedding of U q [-modules 

% : V i:wHl®t). 
The relation P(V) = P{V) { is due to 

P(V) = U q9 i(V) C C^flP(y), = P{V) { . □ 

The rest of the statements of Lemma 2.1 can be proved in the same way as in the 
classical case q — 1. 

To prove Lemma 2.5 we need the following auxiliary statement. 

Lemma A. 4 Let A G and (U q q^) . be the homogeneous components of the graded 
algebras U q q^. 

1. The vector spaces {U q q^) . ■ 7\ C End y umv are finite dimensional. 

2. The vector spaces y A • {U q qfy C End V umv are finite dimensional. 9 

Proof. Prove the first statement. We consider End V umv as a ^[-module with respect 
to the action as follows: 

(fa) : v i-> f (au), v G V univ , a G End V univ , f G C/ ? [. 

Obviously, (E^l) ■ ' is a submodule of the [/^l-module EndV" 11 ". 

Let 7Ta : U q { — > EndL(l, A) be the representation of the Hopf subalgebra U q \ corre- 
sponding to the {^[-module L([, A). If f G Ker 7r A , then £ ■ l ?\ = 0. Hence the diagram 

tt r C^-^a 

C/ 9 (^^ — -End \/ umv 




EndL([, A) 



9 A dot is used here to denote the product of elements in End V u 
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can be completed up to a commutative one, and 

dim^l • 3> A ) < (dim(L([,A))) 2 . 

Thus the first statement of the Lemma is proved in the case j = 0. It remains to elaborate 
the fact that (U q q^)j is a right f/^-module of finite rank (see Lemma A.l). 

Now the first statement is proved. The second one can be proved in a similar way 
using the commutative diagram 

U q l -End V umv 

EndL([, A) 

in the category of f/^PP-modules. 10 □ 

Turn to the proof of Lemma 2.5. Consider the subspace A C U q Q of such elements 
£ G U q g that for any A G P+ there exists a finite subset Ac?} with 

£'?A = Xa-£'?a, (A.6) 
3V£ = 0V£-xa. (A.7) 

One has to prove that A = U q Q. For that, it suffices to demonstrate that A is a subalgebra 
of UqQ and A D (U q q^) . for all j. 

Prove the first statement. It is obvious that A is a vector subspace. Now let £,77 G A, 
and consider the product £77. A double application of (A.6) first w.r.t. 77 and then £ allows 
one to deduce that the image of the linear operator £ • 77 ■ J\ G End V umv is accommodated 
by the sum of finitely many isotypic components \/ A umv . Let this sum be @ Vy llv , then 

A' 6 A' 

£ • 77 ■ = XA' ■ £ ■ V ' 3V Thus we get (A.6) for £77. 

In a similar way, apply (A.7) twice to deduce that for some finite subset A" C one 
has Ker(? A • £ • rj) D (id - xa") V un " , hence T A • £ • V = ?a • £ • 77 • Xa»- Thus (A.7) holds 
for £77. 

Turn to the second statement. We restrict ourselves to proving that (A.6) is valid 
for all £ G {U q 0^) .. It follows from Lemma A. 4 that for every j, A, the vector space 

{UqQ^) . ■ is finite dimensional. It is also a C/ 9 (-module since C/ g l (U q <\^) . C (f^q^),.. 

Hence (t/gq^ ) - • ^\ is a sum of finitely many C/ g [-isotypic components. On the other hand, 

if for some a G EndV 1111 ", the C/ql-module C/ g [ • a C End V umv is a multiple of L(l, /j), 
/i G P{r, one has a\/ univ C \/ univ and T M • a = a. It follows that 3> A , • (f/ 9 q^) • T A = for 

all but finitely many A' G P+. Hence £ • 9\ = xa • £ • ^a for some finite subset A C P+. □ 
References 

[1] R. J. Baston, M. G. Eastwood. The Penrose Transform. Its Interaction with Repre- 
sentation Theory. Clarendon Press, Oxford, 1989. 

[2] N. Bourbaki, Groupes et Algebres de Lie, chapitres VII- VIII. Herman, 1975. 

10 The algebra U q l° p is derived from U q l by replacing the multiplication with the opposite one. 




15 



[3] C. De Concini, V. Kac. Representations of quantum groups at roots of 1. In: Operator 
Algebras, Unitary Representations, Enveloping Algebras and Invariant Theory, A. 
Connes, M. Duflo, R. Rentchler (eds.), Birkhauser, Boston-Basel-Berlin, 1990, 472 - 
506. 

[4] S. Helgason. Differential Geometry and Symmetric Spaces. Academic Press, New 
York, London, 1962. 

[5] J. E. Humphreys. Reflection Groups and Coxeter Groups. Cambridge Univ. Press, 
Cambridge, 1990. 

[6] J. C. Jantzen. Lectures on Quantum Groups. American Mathematical Society, Prov- 
idence, R. I., 1996. 

[7] A. Knapp, D. A. Vogan, Jr. Cohomological Induction and Unitary Representations. 
Princeton Univ. Press, Princeton, 1995. 

[8] A. Koranyi, Function spaces on bounded symmetric domains, In: Analysis and geom- 
etry on complex homogeneous domains. Birkhauser Boston, Inc., Boston, MA, 2000, 
J. Faraut, S. Kaneyuki, A. Koranyi, Qi-keng Lu, Guy Roos, (eds), 183 - 281. 

[9] D. Shklyarov, S. Sinel'shchikov, A. Stolin, and L. Vaksman Non-compact quantum 
groups and quantum Harish- Chandra modules. In: Supersymmetry and Quantum 
Field Theory, North-Holland, D. Sorokin (ed.), the Netherlands, ser. Nucl. Phys. B 
(Proc. Suppl.), 102 & 103 (2001), 334 - 337. 

[10] D. Shklyarov, S. Sinel'shchikov, A. Stolin, and L. Vaksman, On a q-analogue of the 
Penrose transform, Ukrainian Phys. J. 47 (2002), No 3, 288 - 292. 

[11] S. Sinel'shchikov, L. Vaksman, On q-analogues of bounded symmetric domains and 
Dolbeault complexes, Math. Phys. Anal. Geom. 1 (1998), No 1, 75 - 100. 



16 



